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Abstract 

For each q € (0,1) let 

\{Q.) := inf : v G and |u|'’da; = l| , 

where p > 1 and is a bounded and smooth domain of N >2. We first show that 

0 < p.{Fi) lim \q{Q,) |fl| ^ < oo, 

9 -> 0 + 

where |f2| = /q da:. Then, we prove that 

= min III e and ^1^^ hr da:^ ” 

and that p,(Jl) is reached by a function u € VFQ’^(fl), which is positive in fl, belongs to for some 

a G (0,1), and satisfies 

— div(|Vu) = p(f2) |f2|~^ in fl, and / loguda; = 0. 

Jn 

We also show that is the best constant C in the following log-Sobolev type inequality 

exp (^ 1 ^ log hr da;^ < C || , v G Wq 

and that this inequality becomes an equality if, and only if, u is a scalar multiple of u and C = 
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1 Introduction 

Let p > 1 be fixed and let O C N > 2, be a bounded and smooth domain. For each q G (0,1) let us define 

Aq(r2) := inf |||Vw||^ : w G W'Q’^(n) and yhrdx=l|, (1) 

where Ij-lh denotes the standard norm of the Lebesgue space L®(r2), 1 < s < oo. 
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As proved in [I], Xq{il) is achieved by a positive function Uq € 
problem 

— ApV = Xq{n) \v\‘^ ^ V 


u = 0 


Wo^’^(n)nC'^(n) satisfying the singular Dirichlet 


in 

on 


( 2 ) 


in the weak sense, where ApU = div ^|Vu|^ ^ Vuj is the p-Laplacian operator. Moreover, it follows from [M 

Theorem 1.1 (i)] that Uq S (7^’“(n), for some a € (0,1). 

In this paper we first show that 


0 < /r(fl) := lim Xq(fl) < oo, (3) 

q^0+ 

where \D\ stands for the TV-dimensional Lebesgue volume of I? C i. e. \D\ = da;. 

Then, we prove that 

= min|||Vu||^ : u e lyo’P(fl) and ^Ihn^ ^ 1 ^^ lul'^da;^ = l| (4) 

and that the minimum is reached by a function u G which is positive in fl, belongs to C'*^’“(n), for some 

a G (0,1), and satisfies: 


(i) u = limg^o+ 1^1® Uq in Wq’^{Q); 

(ii) —ApU = |n| ^ u~^ in ft; and 

(iii) loguda: = 0. 


Exploring 0 we also prove that /a(r2) ^ is the best constant C 


in the following log-Sobolev type inequality 


exp 


1 

W\ 


loglurda;) <C||Vu|P, u G <’^(11), 


and that ^ is reached if, and only if, u is a scalar multiple of u, which is the unique case where the inequality 

becomes an equality. Up to our knowledge, these facts are entirely new. 


It is easy to check that for each fixed A > 0 the function ux := 



u is a positive weak solution of the 


singular problem 


J —ApV = Xv ^ in U, 

^ u = 0 on on. 


The function ux is, in fact, the unique positive solution of ([5]). This uniqueness result follows from a simple 
and well-known inequality involving vectors of . Existence and regularity of weak solutions for ([5]) were first 
studied in the particular case p = 2 (see [HITSl [16]), whereas the case p > 1 has received more attention in the 
last decade (see [aiEiiioiiii] and references therein). 

We remark that the differentiability of the functional v G VEq’^(U) i-^- A / log |u| da; G [—oo, oo) is a delicate 

Jn 

question, which makes it difficult to apply variational methods to obtain the positive solution of ([S]). Thus, ux 
has generally been obtained by nonvariational methods, mainly the sub-super solution method. As for regularity, 
it is proved in [TUI Theorem 2.2 (ii)] that ux G (^“’“(U), for some a G (0,1). 

We emphasize that besides providing a new existence proof of ux, we show that 


/ logUAda; 

Jn 




G (— 00 , 00 ). 
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This property of ux was not known up to now. It comes from the connection between ([S|) and the minimizing 
problem (|1]). 

Also in this paper, we show that the formal energy functional associated with ([5|). 




1 

PJn 


/ da; — A / log|u|da;, if / log |u| da; S (—oo, oo) 

JQ. Jn Jn 

if / log |u| da; = —oo, 

Jn 


attains its minimum value 


x\n\ 

P 


(l-log(^)) only 


at the functions ux and —ux- 


We end the paper by describing the asymptotic behavior of the pair (Ag(n), Huqll^), as q ^ 0+. That is, we 
determine when these quantities either go to 0 or to oo or remain bounded from above and from below, when 
5^0+. More precisely, we obtain directly from ([3]) that 


lim 

( 3 -> 0 + 


oo if |n| < 1 

if jnj = 1 

0 if \n\ > 1 , 


and apply lower and upper estimates (derived in Section [2]) 


to show that 


( 6 ) 


and that 


lim 

9 ^ 0 + 


oo if |n| < 1 

0 if \n\ > 1 


0 < AuiXl) p < lim 

9^0+ 


< B^{n) p , if |fl| = 1, 


(7) 

( 8 ) 


where A and B are positive constants that depend only on N and p. 

The result in ([ 6 |) for the case |fl| < 1 has recently been obtained in [1]. The cases |n| > 1 in ([61) as well as (O 
and (jHI) are new observations. 

Thus, dH), dH) and dl]) provide complementary information on how the function q £ (0,p*) (Aq(n), IIM 9 II 00 ) ^ 

behaves at the endpoints of its domain. In fact, the behavior of this function as q ^ p* is well known: 


and 


where 


I Sj\f^p , 

if 

1 < p < A' 

lim A„(I7) = < 0, 

if 

p = A > 1 

1 Ap(I7), 

if 

p> N, 

( 00 , 

if 

1 < p < A 


if 

p = N > 1 

q^P* ^ 1 ^ 

if 

p> N, 

Ap(I7) := min 1 Vu Ip : u £ Wq 

’P(f7) and ||m||^ 


Sn,p is the well-known Sobolev constant, defined by 


Sn,p := 7r2 


/ N-p 
VP- 1 


rT{N/p)T{l + N-N/p) 

V r(l-b A//2)r(IV) 


p 

7T 


(9) 


( 10 ) 


( 11 ) 


r denoting the Gamma Function, and Cn is a positive constant that does not depend on 17. 

For dS]) and (flOll we refer to EE], m and E, respectively to the cases l<p<N,p = N>l and p > > 1. 
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2 Preliminaries 

In this section, we present some properties of the weak solutions of the singular Dirichlet problem 


r —ApV = Xv^~^ in n, 0 < q < 1, A > 0 

< u > 0 in (12) 

u = 0 on dfl 

which will be used in the paper. A weak solution of m is a function v G Wg^’^(n) such that essinf^ u > 0 in 
each compact AT C and 


|Vz;|P“^ Vu 


= A 




ipdx, for all ip G Wo^’^(fl). 


(13) 


JQ JQ 

Next, we present a simple uniqueness proof for (1121) . which makes use of the following well-known inequality: 

{\xf~‘^ X — \yf~‘^ y) ■ {x — y) >0 for all x,y G . (14) 

Proposition 1 Let ui,U 2 G ll^Q’^(n) be weak solutions of Then, U 2 = ui a. e. in fl. 

Proof. Taking ip = U 2 — Ui in ca) we obtain 


J (|VM2r ^Vm2 — |Vmi|^ ^ Vui) • V(u 2 — ui)da; = a J (^2 ^ ~ '^1 ^J(u 2 —ui)dx. 


(15) 


It follows from (fT^ that the integrand in the left-hand side of (flSl) is nonnegative. It is easy to see that the 
integrand of the right-hand side of (fT5)l cannot be positive. Thus, both of them must be null almost everywhere 
in fi, which implies that U 2 = ui a. e. in Q. ■ 

In the sequel we derive estimates for the weak solutions of (IT^ depending explicitly on g G [0,1). 

Let us recall that 

Xg{D*) < XgiD), 0<q<p^ (16) 

where D is a. general bounded and smooth domain of and D* is the ball centered at the origin and with the 
same volume as D, that is, \D*\ = \D\. 

Inequality (1161) comes from well known properties of Schwarz symmetrization (see m) and, among other 
important utilities, it provides a lower bound for Xq{D) in terms of |iA| and Xq{Bi), where Bi denotes the unit 
ball of In fact, one can show that 


\{D*) 



d < q <p* 


(17) 


where ujn = \Bi \. 

Hence, by combining dUD and dlzl one obtains the following version of the well-known Poincare-Sobolev 
inequality 



\D 


M 


A,(Hi)|Hi 


2 + - 


__i ||Vu||^p(^), 


for all V G and 0 < q < p*. 


When q = p we have 


f |u|^da; < — f |Vu|^da:, for all v G Wq’^{D), 

J D Cn,p jd 


(18) 


where Cn,p = Ap(i?i) |Hi| , a positive constant that depends only on p and N. 

The following lemma is an adaptation of [SI Theorem 4.1] which, in its turn, is based on classical set level 
techniques (see pi IT^L 
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( 19 ) 


Lemma 2 If u G is a weak solution of then u € L°°(fi) and 

||m|Ioo < ^N,p IA?=^, 

where is a positive constant depending only on N and p. 

Proof. For each t > 0, let 

Et := {x G : u > t} and {u — t)_^_ := max {u — t, 0 } G (fl). 
Let us suppose \Et \ > 0. Since 


f |Vu|^“^ Vit-V(M-t)_^da; = f |Vit|^da; 
J Q, J E+ 


and 


f u'^ ^ {u — t)_|_ dx = f u'^ ^ {u — t) dx < ^ f {u — t) da;, 

Jn JEt JEt 

(note that 9 — 1 < 0 ) we obtain from (fT51) that 

f |Vu|^ da; < f {u — t)dx. 

J Et J Et 


( 20 ) 


Now, we estimate |Vit|^da; from below. For this, we apply Holder inequality and the estimate (1181) with 


D = Et to obtain 


Hence, 


( f (u —t)da;^ < \Et\^ ^ f {u — t)^dx 

KjEt J JEt 


< 


\Et\P-^\Et\^ 


Cn, 


|Vm|^ da;. 


p J Et 


CN,p\Et\ ^ (u-t)dx^ < J iVwl^da; 

and, by taking into account ( 1 ^ . we get 

CN,p\Et\~^~^^~^ ( f {u — t)dx^ < Xt'^~^ ( (u — t) da;, 
\JEt J JEt 


which is equivalent to 


/ f \ P 1 y ^ p+jv(p-i) 

/ (u-t)da; < ^- 

\JEt J ^N,p 


This latter inequality can be rewritten as 

{u — t) da; 


'Et 


Let us define 


N{p-1) N 

p + N{p-l) f \ \ p+Ar(p-l) 

~ \Cn,p 


f(t):= [ {u-t)dx= f |Fis|ds, 

JEt Jt 


\Et 


( 21 ) 


where the second equality follows from Cavalieri’s principle. 

Since f (t) = — \Et\ the inequality in (1^ can be rewritten as 


0-l)N 

^ P-{-N(p-1) O — 


\ \ p-\-nIp- 1) N{p-1) 

— ' / (t) f (t). 


Cn„ 


( 22 ) 
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Integration of (1^ yields 


P+ N{p — 1 )^ P+W(P-g) ^ ^ ^ P+N(P-1) p _|_ _ 1) 


p + N(j} - q) 


< 


Cn,i 


X \ p+N(p-i) p _|_ ]xf(j) _ X) 


Cn4 


P 


/(O) p+'^vCp-i) — /(t) P+-«(P-1) 


p+nCp-1) ^ 


We have concluded that if \Et\ >0 then t < K, where K is a. positive constant that does not depend on t. Of 
course, this implies that ||u||^ < oo. 

Hence, we have 


p + A^(p—1) p+w(p-p) / A \ p+iv(p-i) p ]\[(^p _ X) 


p + N{p - q) 


fp+N{p-i) <; 


\Cn,i 


< 


/ A \p+«(p-i) p + iV(p- 1 ) 


and then, after making t ||m||oo , we obtain 


M\oo< 


1 p+iV(p —1) 

/ A f p + N{p - q)\ "(P-9) 


llltlll)p+"(p-l) 






which leads to m with 


Kn,p '■= sup C 


p — q 

',P ■— ^N,p 

0<q<l 


p + N(p — l) 

f P + N{p -q)\ "(S’-") 


P 


In the next lemma, (j)p € Wq’^(H) denotes the p-torsion function of H, that is, the weak solution of the 
p-torsional creep problem 

—ApV =1 in n, 

V = 0 on 

It is well known that the function (pp is positive in il and belongs to for some a € (0,1). 

Lemma 3 If u € WQ^’^(r2) is a weak solution of I7H) . then 


0 < 


q— 1 

{Kjsi^p |H| «(p~9) ^ ^ ^ X^pplx) < u{x), for almost every x e H. 


(23) 


1 

Proof. Let 0 < p G WQ^’^(r2) and c := ^A ^ ^ • Since 

f Vm ■ Vpdx = A f u'^~^(pdx 

Jo, J Q 


m 
> A IIm 


IIL ^ [ ‘/’dx 

Jn 

= [ c^~^<p(lx= f |V(c(()p)|^ ^ V(c(/)p) • Vpdx, 
JQ Jci 


the weak comparison principle guarantees that 

cppix) < m(x), for almost every x G H. 
This leads to (j23l) since (IT^ implies that 


c > 


q —1 

A~ (itr^v.p |f^| A^)^ = |H| ~(p-«) ^^ A“, for almost every X G H. 
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Remark 4 It follows from Lemma\^ and Lemma\^ that if u € is a weak solution of il2\) then 

0 < AX~ < Xu{xy~^ < BX^(l)p{xy~^, for almost every x £fl, 

where A and B are positive constants that depend only on N,p and |r2|. This fact implies that iffl' is a subdomain 
of fl such that fl' C fl, then Xu^~^ is bounded in fl'. 


3 The main results 

One can check, as a simple application of the Holder inequality, that for each v € L^{X1) the function q S (0,1] i—>■ 
(ini' /n is increasing. This fact has two immediate consequences: it implies that 

1 i 

0< lim (-^ [ \v\'^ dx'\ = inf (/'|u|'*dx^ ^w e L^(0) 

q^o+\\n\Jn' J o<s<i\\n\Ja' ' J \n\ 

p 

and also that the function q G (0,1] Ag(fl) |0| ■> is decreasing, so that we can define 


/i(0) := lim Aq(0)|r2|'' = sup As(0)|0|® . 

9->'0+ 0<s<l 

Of course, 

0 < Ai(0) |0|^ < /i(0) < oo. 

Our first goal in this section is to show that /r(0) < oo. 

Lemma 5 One has ^ 

lim^ (^y (l-t9)^dt^ w ^ N >2. 

Proof. We have 


where 


L := lim 


lim (^y (l-ti)^dt) =hm_(/ (l-f")^dt) =e^ 

ln(/„\l-f-)^dt) 


0~1 


lim -- - -= lim s^N / (1-t®)^-4®lnMt. 

L(l-t^Wdt Jo 


J,{l-t^rdt 

After making the change of variable t = t® in the latter integral, we obtain 


L = N lim [ (1 — t)^ Inrdr = N [ (1 — t)^ ^ Inrdr. 
Jo Jo 


In order to finish the proof, it is enough to verify that 


(l-r)»->l„rdT =- 1 - 1-1 -JV> 2 . 

For this, let I{N) := N /q^( 1 — Inrdr. After some simple calculations one can show that 

/(1V + 1) = /(1V)-^^, N>2. 


(24) 


(25) 


( 26 ) 


It is easy to check that J(2) = —I — -. Hence, by using the recursive formula ipSl) . we arrive at (1^51) . 
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Lemma 6 Suppose that ft is a bounded domain, star-shaped with respect to Xq G . There exists p G C{Ti) such 
that: 0 < p < 1 m f2, p(xo) = 1, p = 0 on dfl and 


\p\'^dx] = 


„-i- 


lim I , ^, 
g—Y |S7| 

In particular, any function v G such that v > p in satisfies 


lim I , ^, 

g—>0+ \ 


fl'* da: I > e ^ 


1 _ 1 _ _ 1 
2 3 ■■■ ^ > 0. 


Proof. We will assume in this proof, without loss of generality, that xq = 0. 
For each 0 ^ a; G fl, let r{x) be the unique positive number such that 


r{x)x G dfl. 


Of course, r(a:) > 1 and r{x) —> oo as a: —>■ 0. Moreover, if a: G O and a > 0 is such that aa: G O, then 
r{ax)ax = r(x)x, so that 


Let us define p : O M- [0,1] by 


p(x) 


1 -if X G O , X ^ 0. 

r[x) 

1 if X = 0. 


The graph of p in x K. is the cone of base O, height 1 and vertex at the point (0,1) G x R. 
For each t G [0,1) the change of variable x = (1 — t)y yields 

|{p(x) >t}\= ( dx= [ (1 - t^dy = (1 - t f |0|. 

J{p(x)>t} J{p{y)>0} 

Indeed, by taking a = {1 — t) one has 


p{ay) = 1 - 




1 — a + a 



1 — a + ap{y). 


It follows that 

t < p((l - t)y) = t + (1 - t)p{y) 0 < p{y). 
Thus, (071) and Cavalieri’s principle yield 



|{p(x)‘? > t}\dt 



[\l-tif 

Jo 


|0|dt. 


so that 

- 1 

lim (-—- [ p^dx) = lim ( f (l—f^i^dt 

g^o+\\n\J^ J 5^0+V7o 


(27) 


Remark 7 If fl = Bji is the ball centered at the origin with radius R, then p(x) = 1 -— and 


1 

W\ 



(1 — t<i)^dt. 










In the proof of the following theorem we will write 17 as a finite union of star-shaped subdomains. This 
decomposition is quite general in the sense that it is valid for bounded domains with low regularity as, for 
instance, those with Lipschitz boundary (see [H Lemma II. 1.3]). 

Theorem 8 There exists v G WQ^’^(f2) such that v > 0 in fl and 


Moreover, 


I |„| I 

9^0+ \ |I7| Jq 


dx I =1. 


(28) 


Proof. Let I7i, 172,..., be star-shaped subdomains of 17 such that 17 = IJ f7j (not necessarily disjoint). 

1=1 

According Lemma [6l for each j G A := {1, 2,..., m} we can take Vj G such that Vj > 0 in I7j and 




2 3 ■■■ w < lim 


1 


9->'0+ \ |f7jj Jq 


o<s<i I |I7jj 


'il 


\vj\ dx 


Thus, 


g 1 2 3 N 


- [wi Jn 


By extending Vj to zero outside 17^ we can consider that Vj belongs to Wg^’^(I7). Thus, 

m 

GlToi’^(I7). 

i=i 

Now, let Qn —>■ 0+ and, for each n G N, let G A be such that 

1 


l%r>l 

Then, for each fixed n G N we have 


1^” dx = min 




m 


> 


I io., 

|I7. 


1=1 


Ini JQ. 


f \vj„r da; > |f7| (g-i-i-s —-^)«-, 


from which we conclude that 


It follows that 






2 3 ■■■ N > 0. 


9 := lim — / jTj'^dx > e = 3 ■ « > 0. 

q^0+\\n\J^' I - 
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Therefore, the function v := 9 belongs to is positive in and satisfies 


lim 

q^0+ 



Now, (l2^ follows immediately since 


1 . 




p V c* 

lim A„( 0 )|r 2 |’ < lim - - —jr 

9^-0+ 9-J.0+ I'yl'^dx) " 



llVnll^. 


It might be interesting to know an explicit lower bound for an abstract minimum such as Thus, by 

combining (1241) with (IT6l) we have 

Xi{n*)\nf <Xi{n)\n\^ < p{n), ( 29 ) 

where fl* denotes the ball centered at the origin with radius R = (|n| /ojn)'^ , so that |n*| = |0|. It is a known 
fact (see 0) tliOjt — ||*^p,z ?||2 5 w^liGrG D IS & bounclGd dom^jin ^jiid dciiotss its j) torsion function. 

Since the p-torsion function of a ball of radius R is explicitly given by 

4'p,Br{x) = ^ p ^ - |a:|^), 0 < |a;| < i?, 

we can compute Ai(fl*) explicitly and so obtain, from the following estimate 


N 



P 

p-1 


P~^ p 


(30) 


For the sake of clarity, we will make use of the following scaling property in the next proof: 

A,(fl)|r!|? = A,(r!i) 


where fli 



X : X G n 



such that I fill = 1. Thus, 


/i(n) = p 

Let us define, 

M(n) := |„ e : ^hm ' = 

It is easy to check that A4(fl) has infinitely many elements by combining Lemma [ 6 ] with the construction in the 
proof of Theorem [H 

As pointed out in the Introduction, for each q G (0,1) there exist S (0,1) and Ug G ITg^’^(fl) D 
such that 

M, > 0 in n, Aq(n) = ||Vu,F, [ dx = 1 (32) 

Jn 



and 


f \Vuqf ^ Vuq ■ Vpdx = Xq{fl) [ u‘^ ^ ifdx for all (/? G Wg^’^(f 2 ). 

Jn Jn 


(33) 


The existence of Uq satisfying (1321) and (l33l) is proved in [I], whereas the Holder regularity of Uq follows directly 
from m Theorem 2.2 (i)]. Let us observe that the proof of (IMl) made in [1] is restricted to the functions 
ip G Wo^’^(H) such that suppy> C XI. However, this restriction can be dropped by using arguments of [HIIII based 
on Fatou’s lemma combined with the density of in IFo^’^(fl). We will make use of these arguments in the 

next proof. 
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Theorem 9 For each q S (0,1), let Uq € n satisfying and i33\) . There exists u G 

Al(ri) n for some a G (0,1), such that: 

(a) u = lim (|r2|’ Uq) in 
q^a+ 

(h) fj.{n) = ||Vm||^ = min|||Vn||^ : v G ; 

(c) -ApU = in 12; 

(d) 0 < A^{n)p 4ip{x) < u{x) < Bfi(fl,)p, for almost every a; G 12, where A and B are positive constants 
depending only on N, p and |12|. 

Proof. Taking (1511) into account, we assume in this proof, without loss of generality, that |12| = 1. Thus, 

lim Aq(12) = lim ||VMg||!’ = /r(12) G (0, oo). (34) 

ij—>0+ 9—>0+ ^ 


Since 

p 

A,(12) |z;|«cl:r^ " < ||Vn||;( for all n G 1PJ’^(12), (35) 

we have 

/r(12) < ||Vu||^ for all v G 7W(12). (36) 

It follows from (IMl) that there exist ^ 0+ and u G ITq’^( 12) such that m > 0 in 12, Uq^ u (weakly) in 
Wg’^(12) and Uq^ u pointwise almost everywhere in 12. Hence, 

||Vm|| <liminf||Vu,„|| = lim ||Vm,„|| = lim A,„(12)p = p(12)p. (37) 

^ n—¥oo ^ n—¥oo ^ n—¥oo 

We note from (l3^ . with v = u, that 

p 

p(12) ^hm^ \u\‘^ dx^ < II Vu||^ . 

Combining this estimate with p7p we obtain 

lim^ |u|^dx^ <1. (38) 

On the other hand, for each s G (0,1) and every n large enough (such that < s), we have 

1 = \uq^ dx^ < \uq„ r dx^ . 

Hence, 

1 < |u,„ r dx^ = \uf dx^ , 

where we have used Dominated Convergence Theorem, since 

0 < < 71jv.pAg„(12)p-9" < KN,ppi{Tl)p-ip 

according Lemma [2j Thus, we conclude that 

1< lim^ |u|®dx^ . (39) 
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Gathering (|55)) and (|5^ we obtain 


lim 

q—>-0+ 


dx I =1. 


It follows that u G M{^) and thus, by combining (1551) and (1571) we conclude that 

= ||Vu|| = lim ||Vu,„|| 

^ n—^oo ^ 

which ends the proof of the claim (b). 

Taking into account the weak convergence Uq^ u, the second equality in (1401) implies that Uq^ 
in ITQ’^(n). In view of (Iddp we have 

[ Vu 5 „ ■ Vtpdx = f forall tp G IFo’^(fl). 

Jq, jq 

Strong convergence —>• u in guarantees that 

lim [ ^ Vu„„ ■ V(/3dx = [ |Vm|^ ^ Vm ■ Vt/sdx, for all (/? G ITq 

ra->oo Jq 

and (155)) guarantees that 

lim Xq (ft) f u‘l^"~^ipdx = fi{Xl) lim f M®"“^(^dx, for all G ITq 

Jn Jq 

Let us first assume that supp yi C Then, Dominated Convergence Theorem yields 

lim / u1"'~^(pdx = / u~^(pdx, 

Jq Jn 


( 40 ) 

u (strongly) 


(41) 


(42) 


(43) 


since Lemma [2] and Lemma [5] imply that 0 < ci < < C 2 in supp yi, where the constants ci and C 2 are 

uniform with respect to n. Hence, by gathering gj), (gll) and ((451) we have 


I |Vm|^ ^ Vm • Vtpdx =/i(r2) j ipu ^dx, forall (/? G (^“(H). 

Jn Jn 


(44) 


Thus, in order to prove (c) we need to show that (1551) holds, in fact, for any ip G Wg^’^(H), which reduces to 
prove that (1551) holds for any ip G Wq’^{VL). We prove this by following arguments of [51[T5]. So, let w G ITq’^(H) be 
arbitrary and take a sequence {^„} C of nonnegative functions such that —>• \w \, strongly in ITq’^(H) 

and pointwise almost everywhere in ft. Hence, by applying: Fatou’s lemma, (1551) and Holder’s inequality, we 
obtain 


i ^dx 


< / Iwllt 

^dx 

Jn 


< lim inf j 

' ^nU~^dx 

n—^oo J 

n 

= lim / 

Vu 

^^°°Jn 



Now, let p be an arbitrary function in Wg^’^(r2) and take {pn} C C^(fl) such that pn ^ p strongly in 
Wg^’^(H). Then, by using pn — p in the place of w, we obtain 


lim 


/ [pn - p)u Mx 

Jn 


< I|Vm||p ^ jini_ ||V(93„ - . 


= 0 , 


12 






which yields 


lim 

n—>-oo 


i^nU = ipu ^dx. 


(45) 


Since (pn & C^{V,) we obtain from (|4^ that 

lim f (pnU~^dx = lim [ |Vu|^ ^ Vm • Vt^ridcc = f |Vu|^ '^Vu-Vpdx. (46) 

Jn Jn Jn 

Therefore, by combining (HSl) with (H51) we conclude that (P5)) holds true for any p € WQ^’^(n), which proves 
the claim (c). 

Claim (d) now follows after combining Lemma [5] with Lemma [31 Theorem 2.2 (ii) of [TU] implies that u G 
(^“’“(n) for some a G (0,1). 

Claim (a) follows from the uniqueness of the weak solutions of 


w > 0 
w = 0 


in n, 
in n, 
on dfl, 


(47) 


combined with the fact that Uq^ u strongly in tTg^’^(n). Indeed, these facts together imply that u is the unique 
limit function of the family {u^} , as g —^ 0^. ■ 

Our next goal is to prove that the solution u of satisfies 

/ logwdx = 0. 

Jn 

Proposition 10 Let v G L^{Ll). Then log |u| is Lebesgue measurable in 12 and 

—oo < lim / log |u| da; = / log |u| da; < 2e“^ ||r;||^ . 

9^0+ Jq Jn 

Proof. For every x G ft such that |u(a;)| < 1 the function g S (0,1] h-)- — |w(x)|'^ log |u(a;)| G [0,oo] is decreasing 
and 

lim [— |u(a;)|'^ log |u(a;)|] = — log |u(a;)|. 

g->- 0 + 

Therefore, it follows directly from Lebesgue’s Monotone Convergence Theorem that log |u| is Lebesgue measurable 
in the set {a; G 12 : |u(a;)| < 1} and 


—oo < lim / |u|'^ log |a;| da; = / log|'(;|da;<0. 

9-*'0+J{|^|<1} “'{h|<l} 

Now, for every a; G 12 such that |u(a;)| > 1 the function g G (0,1] M- |u(a;)|^ log |u(a;)| G [0, oo] is increasing and 

lim |r(a;)|^ log |?;(a;)| = log |'(;(a;)| . 

9 ^ 0 + 


Moreover, for every g G (0, ^) one has 

0 < |u(a;)|'^ log |u(a;)| < |r’(a;)p log |r’(x)| < 2e“^ k(a^)P k(a;)P = 2e“^ k(a;)| G L^(12), 

since maxt~^ logt = 2e“^. Therefore, Lebesgue’s Dominated Convergence Theorem implies that log|u| is inte- 
grable in the set {a; G D : |?;(a;)| > 1} and that 

0< lim / |u|'* log |a;| da; = / log |a;| da; < 2e“^ ||u||^. 
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Thus, we have that log |u| is Lebesgue measurable in and 


lim / |u|'^ log |u| dx = lim / |u|'^ log |u| dx + lim / |u|'^ log |u| dx 

9->0+ JQ (J-S'0+ J{|i;|<l} IJ-J-0+ J{|t;|>l} 

= / log|u|dx+ / log|z;|dx 
J{\v\<l} J{\v\>i} 

= / log |w| dx < 2e“^ ||u||^. 

Jn 


Proposition 11 For v G L^(fi) define 


g—>-0+ \ |i2| 


1 


:= lim ( ttvt / |u|'^dx) G [0, oo) and/3„ := f log |z;| dx G [—oo, oo). 
IQ ) l“l dn 


Then 


13 y = \Og9y. 

Proof. It follows from L’Hopital’s rule and Proposition fTOl that 


1 


lim / |u|'^dx) = exp I lim / |u|'^ log |u| dx ) = exp —— / log|u|dx 


|f2| g-s-0+ Jq 


1 


|fl| 


9^0+ \ |n| 

Hence, (H5)) follows. ■ 

The following corollary is an immediate consequence of the previous proposition. 
Corollary 12 Let V G WQ^’^(r2). Then v G Ai{Lt) if, and only if, 


/ log |x| dx = 0. 
Jn 


In particular, log |u| dx = 0, where u is the solution of (|47|j. 


(48) 


3.1 Minimizing the energy fnnctional 

In this subsection, u denotes the solution of (I47|) . As we have shown, u minimizes the functional v ||Vu||p on 
A4(n). Let us show that u is the unique, up to sign, with this property. 

Lemma 13 Let v G A4{Ll) such that /i(H) = ||Vu||p . Then, v does not change sign in H. 

Proof. Let := {x G H : v{x) > 0}, fl- = {x G H : v{x) < 0}, a+ := and a_ := For 0 < g < 1, we 


have 


|n| 


|fl| 


dx I = 


a+ 

|fl+| 




-“" ralwl'”-' 


_r do: 


It follows that 


1 = lim Tpp / |x|'^dx 

g^o+ \ \n\ 


^ [ihL imL 
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Let us suppose, by contradiction, that both |ri_|_| and |ri_| are positive. Without loss of generality, we assume 
that 


lim , , ^ 

g—>-0+ \ 


[ |u_|'^da;] <9+-- lim ( [ 

l^-l jn_ / 9^0+ I |n+| Jq 


Then 


1 < (a+ + a_) lim 


1 


5— )'0+ y |f^+| 


q^0+ I |f^+| 

|u+|'^da;j =9+. 


|u+|'^ dx 


It follows that G M{il) and 


Thus, 


< ||v(0;iu+)r < ||v(u+)r < ||vu|P = 


= l|vu+r = livur = l|vu+r + l|vu_ii^ 


implying that ||Vu_||p = 0 and, therefore, that u_ = 0 a.e. in fl. This implies that |n_| = 0, which is a 
contradiction. ■ 

Theorem 14 Let v G M{Ll) such that = || Vu||p . Then, v = ±u a.e. in 0. 

Proof. According Lemma fT3l we can assume, without loss of generality, that u > 0 a. e. in Ll. Since 0 < g < 1, 
it is simple to check that 


u + v 


dx I > 


UN 9 
2 / 


dx + 


UN 9 
2 / 


dx 


Thus, 


iM, 


u + v 


, ’ 1 1 
dx| >2 + 2 = 1 - 


(49) 


'll V 

Of course, G A4(0). Thus, 


^(O) < 


u + v 
2h 


< 




which implies that h < 1. Therefore, and (15(11) imply that h = 1, and this fact in (I50p yields 

||V(u + u)||^ = ||Vu||p+||Vu||p. 

We conclude from this equality that u = u a. e. in O. ■ 

The next corollary shows that is the best constant C in the following log-Sobolev type inequality 


(50) 


exp log |u|^ dx^ < C II Vu||^ , v G f+p’^(O) 


(51) 


and that when C = ^(Ll) ^ this inequality becomes an equality if, and only if, u is a scalar multiple of u. 
Corollary 15 One has 


/r(f2) = min 


llVull^ 


exp 


(m h 


-^ : V G 1+0’^(O) and [ log |u|^dx > —oo > . 

' dx J n J 


Moreover, the minimum is reached only hy scalar multiples of u. 
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Proof. Let v € PLq be such that log lul^ dx > —oo. Since 


A,(0)|L!|^ < 


llVull^ 


we obtain 


^(fl) = lim Aq(fi) |n|« < 

( 3 -> 0 + 


(M/n^r^x) 

livnr 


||V^;|| 


lim 

ij—>-0+ 


(|a| In 




(m I 


vy dx 


Since log \u\dx = 0, we have 


liv^ll^ 


exp 


(m/ a log I 


Of course, if G Wg^’^(n) is such that 


llVull^ 


exp(j^/nlog|n|Pdx) 


= \\Vu\\l = f^{n). 


= 


then 9^ G where 


9y = lim . 

(j^0+ \ 


v\‘^ dx I = exp 


1 

W\ 


log \v\^ dx ) > 0, 


and ||V(d„ ^'c)||p = Hence, = ±u, implying that x is a scalar multiple of u. ■ 

Remark 16 Gathering V30\) and (EIP, with C = p.(H) we obtain 

exp (^ 1 ^ log |x|^ dx^ < Cjv^pjni l|Vx||^ , v G WoP^(H), 

where CN,p,\n\ '■= N-'^ (^N + . 

Now, let us define J : ILq’^(H) m- {—oo, cx)], the formal energy functional, by 

-f |Vx|^ dx — f log|x|dx, if f log |x| dx G (—cxD, cxd) 

Vn |“| Jn Jn 


J(x):=<' 

oo. 


if / log |x| dx = —oo. 
Jn 


We are going to show that u is the unique minimizer of J in lFg^’^(r2). 


Lemma 17 One has 


T( \ > ina I 1 _ 

P P HllVxr] |H| 


f log|x|dx, forall X G Wq^’^(H). (52) 

Jn 


Proof. Let x G Wq’^(H) and consider the function 


g{t) ■= — II Vx||^ - /i(H) log t - / log |x| dx, t > 0. 

P ^ VI Jn 

It is easy to check that J{tv) = g{\t\) and that mint>o g{t) is the right-hand side of (15^ . The result then follows, 
since J(x) = g{l) > mint>o 5 '(t). ■ 
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Theorem 18 One has 


Proof. Since 


T/ \ /^(^) • T/ \ 

J{u) = - = mm J[v). 


= / |Vu|^ dx and / log|u|da: = 0 

JQ JQ 


n{n) 


we have J{u) = -. Thus, we need only to prove that 

P 


J(v) > , for all n S tTQ’^(n). 

P 


(53) 


Let V S and 9y as in Proposition [TT] If 9y = 0, then J{v) = oo and ((53l) holds trivially. If > 0 

then 9~^v S .A4(n) and 

W\ In dx = 0 and ^x{Vt) < || V(6l-in)||^ = 0"^ ||Vn||^ , 

implying, respectively, that 

]^^log|w|da: = log0„ 

and 


j,„) > dll) _ log ( >■(“) 


> 


P P 


liVnII 


- ^(fl)log(0„) 

n{n) 


p 


p 


log (0„P) -/i(n)log(0„) = 


Theorem 19 If w G minimizes J, then w = ±0k,u a.e. in fl, where 


lim 

9->0+ 



Proof. It follows from Lemma [171 that 


P 


J{w) > 


P{^) 

P 



P 




|II| 


/ log|w|da;, 
Jn 


which implies that 



llVrrll; 




Of course, 9^, G (0,oo), so that 9yj^w G Al(II). Thus, according Corollary IT^ 


1 

M 


log dx = 0, 


(54) 


so that 


log 9yy 
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Hence, (IMl) yields 


1 ( n{n) 

p ( ||Vw|| 


+ log 6^ = log 


n{n) 


-1 \IIP I — 


V(du,^w) 


which is equivalent to /^(H) > 




Since /i(H) < (recall that € Ad(H)), we conclude that /r(fl) = || V(d„^w;)||p. So, Theorem iMl 

yields = ±u. ■ 

We end this section by remarking that, for each A > 0, a simple scaling argument shows that the function 


u\ : 




is the unique solution of the singular problem 


—ApV = Xv ^ in H, 


n > 0 
n = 0 


in H, 
on dn. 


Moreover, since logwda; = 0 and /i(H) = ||Vu||p , the equality in (IFTl) (with C = /i(H) yields 
/^iog„x<ix = Hiog (,(n)-' IIVug) = Hiog (^) . 

We also note that ux and —u\ are the unique minimizers of the functional 

-f da; — A / log|n|da;, if j log |n| da; S (—oo, oo) 
pJn Jn Jq 


J\{v) := 


being 


if / log |n| da; = —oo, 
Jn 

P P 


3.2 Asymptotics for the pair (Aq(f2), ||wg|Y) 

In this subsection we describe the asymptotic behavior of Ag(H), as g —)• 0'^. Of course, if |H| = 1, then 
lim,j_,.o+ Xq{n) = ti(H) and, according items (a) and (d) of TheoremlH] 

0 < ll^pll,^ < lim llugll^ < Bn{n)p, 

where A and B are positive constants depending only on N and p. If |H| 1 we have 


lim X„(fl) = lim (A„(H)|H|‘') [ lim |H| « ) = fj,(n) f lim |H| « 
9—>0+ 9—>0+ yg—>-0+ / y9—>0+ 


Therefore, in this case, we readily obtain 


lim Aq(f2) = 

9 -> 0 + 


OO if |H| < I 

0 if \n\ > I. 


Hence, by combining (1551) with Lemma [5] and Lemma [3] we conclude that 


lim 

9-S-0+ 


00 if |H| < 1 

0 if ioj > 1. 


(55) 
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We remark that (1551) is also simple to prove without using Theorem!^ In fact, in the case |f2| < 1 the 

£ 

monotonicity of the function < 7 Aq(r 2 ) |n|'' implies that 

lim A„(n) = lim A„(n) ini « > Ai(n) inP lim = 00 . 

(J-S-0+ 9^0+ 9^0+ 


This is the proof given in [T]. As for the case |n| > 1, take v € WQ’^(n) n C(fl) such that u > 0 in and then 
define fig := {x G : v(x) > e} , where e > 0 is such that Iflel > l.Then, 

L|Vu|^dx L|Vu|^dx 

0 < \(n) < ^^ ^^ 

(/nl^rdx)« (/o^e^dx)’ 

Thus, by making q O'*', we obtain lim,j^o+ ''^9(^) = 0, since lim,j_,,o+ Iflej « = 0. 
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